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Isogeometric analysis

@ A relatively new numerical approach - 2005. Hughes, Cottrell and Basilevs
introduced the basics of isogeometric anaylsis

@ Successfully applied in many areas of solid and fluid mechanics
@ Significantly surpasses the classic FEM due to greater precision and increased
continuity

@ Main idea: connect geometry modeling and numerical analysis procedure
using the same type (spline) of basis functions

T. J. Hughes, J. A. Cottrell, and Y. Bazilevs, “Isogeometric analysis: Cad, finite elements, NURBS, exact geometry and
mesh refinement’, Computer Methods in Applied Mechanics and Engineering, vol. 194, pp. 4135-4195, 10 2005.

J. A. Cottrell, T. J. R. Hughes, and Y. Bazilevs, “Isogeometric Analysis Toward Intergration of CAD and FEA”, p. 335,
2009.
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Isogeometric analysis
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Isogeometric analysis

@ Classical IGA uses:
o B-spline, NURBS
@ Galerkin or collocation formulation

J. A. Cottrell, T. J. R. Hughes, and A. Reali, “Studies of refinement and continuity in isogeometric structural
analysis”, Computer Methods in Applied Mechanics and Engineering, vol. 196, pp. 4160-4183, sep 2007.

Y. W. Bekele, T. Kvamsdal, A. M. Kvarving, and S. Nordal, “Adaptive isogeometric finite element analysis of
steady-state groundwater flow”, International Journal for Numerical and Analytical Methods in Geomechanics, vol. 40,
pp. 738-765, apr 2016.

G. Lorenzo, M. Scott, K. Tew, T. Hughes, and H. Gomez, “Hierarchically refined and coarsened splines for moving
interface problems, with particular application to phase-field models of prostate tumor growth”, Computer Methods
in Applied Mechanics and Engineering, vol. 319, pp. 515-548, jun 2017.

A.-V. Vuong, C. Giannelli, B. Jittler, and B. Simeon, “A hierarchical approach to adaptive local refinement in
isogeometric analysis”, Computer Methods in Applied Mechanics and Engineering, vol. 200, pp. 3554-3567, dec 2011.
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Isogeometric analysis

@ Classical IGA uses:
o B-spline, NURBS
@ Galerkin or collocation formulation

@ B-spline basis functions can be defined recursively:

forn = 0:
1’_ BI,U 1 B1,1
% 3 4t 0(|)/1\2 L Bjo(€) = I & <E<&n
1’ B.o 1’ By N 0 otherwise
0 2 3 2% 0 i 2 3 25
forn > 0:
! Bl,Z
0g i 2 3 25 Bé,ng(f) = ¢ ¢
1 —Gi . itn41— .
| Bso Eitn—& B“”_l(g) + Eitnt1—Eir1 B""l’n_l(g)
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Basis functions

B-spline basis functions
@ Piecewise polynomial function
Compact support
Non-negativity
Partition of unity
C™~1 continuity
Numerical solutions are continuous

Adaptive numerical procedures

Figure: Bs(£) spline basis function and its first
three derivatives

Grgo Kamber et al. (FGAG) Adaptive Isogeometric Analysis ECCOMAS, 1. July 2021. 7/22



Basis functions

B-spline basis function B, defined on ! can be represented as a linear combination of
n + 2 B basis functions defined on =i+ a

in(6) = 5 cZkBéﬁk,n(ﬁ)
k=0
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Figure: Linear combination of B3 basis function on two consecutive levels (Wei et al. 2015.)
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Basis functions

@ Fup basis functions belong to the relatively lesser-known atomic or R, ; basis
functions

@ Rvachev and Rvachev 1971. are calling them atomic basis functions

V. L. Rvachev and V. A. Rvacheyv, “On a finite function”, Dokl. Akad. Nauk Ukrainian SSR, ser. A, no. 6, pp. 705-707.
1971. J

@ Linear combination of the R, creates classical functions in mathematics

e Atomic basis functions of the algebraic type: up(¢), Fup,(£)
e Atomic basis functions of the exponential type: Fup(&), EFup, (&)
e Atomic basis functions of the trigonometric type: Tup(§), T Fup,(£)

@ Ry basis functions - between classical polynomial functions and spline functions
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Basis functions

Fup,(9)
Fup basis functions w m w0

@ Infinitely differentiable splines
(Gotovac and Kozuli¢ 1999.)

@ Compact support
@ Non-negativity

@ Partition of unity
o
°

s 025 00 025 05 X

C®° continuity
Numerical solutions are continuous
and smooth

Adaptive numerical procedures

Figure: Fups(x) basis function and its first three
derivatives

Grgo Kamber et al. (FGAG) Adaptive Isogeometric Analysis ECCOMAS, 1. July 2021. 10/22



Basis functions

Fup basis function Fup!, defined on Z! can be represented as a linear combination of
n + 2 Fupl!; basis functions defmed on E1 as:
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Basis functions

Fup basis function Fup!, defined on = can be represented as a linear combination of
n + 2 Fupl!; basis functions defmed on EH1 g

Fupn ) 2n+1 +1 Fupi{:-ll (1’ - anjfl + ant12>
i !
08 0.8
06 08
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Figure: Fup, basis function presented as linear combination of the Fup, basis functions (Kamber
et al. 2020.)

Hierarchical Fup basis functions allow local hp adaptation — higher resolution levels
have basis functions with higher orders and smaller support (higher frequencies).

Grgo Kamber et al. (FGAG) Adaptive Isogeometric Analysis ECCOMAS, 1. July 2021. 11/22



Basis functions

Fup basis function Fup!, defined on = can be represented as a linear combination of
n+2 Fupl—:_ll basis functions defmed on El+1 g

I+1 k n+l
FUpn T) = 2n+1 +1 FUpn_H (33 — gafT T 2n+2>

Idea: Creating a database of h|erarch|cal Fup basis functions and implementation in
adaptive numerical procedure in order to achieve

@ Solution accuracy

@ Solution stability

@ Efficient procedure
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Methodology

@ The proposed model will be based on Fup basis functions and control volume
formulation

@ Due to certain similar properties with classical IGA, used method is called
control-volume isogeometric analysis (CV-IGA)

@ The main goal of CV-IGA is to use strong approximation and adaptive properties of
the hierarchical Fup basis functions for numerical solutions of engineering problems
arising in the field of structural mechanics and fluid mechanics with conservation
properties of control volume formulation

@ Control volume formulation ensures the conservation law locally and globally on the
domain, and the stability of the numerical process with the computational costs that
are between Galerkin (high CPU time) and collocation (low CPU time)
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Methodology - 1D
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Methodology - 1D
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Methodology - 1D
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Methodology - 1D

O Vertex

10o6—o—e—e—e —9 —o0—090o

— Fup,(§)

Grgo Kamber et al. (FGAG) Adaptive Isogeometric Analysis . July 2021. 14/22




Methodology - 1D
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Methodology - 1D
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Methodology - 1D

O Vertex
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Methodology - 1D
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Methodology - 1D
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Methodology - 1D
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Methodology - 2D

Fupy(¢,11) = Fupy(Z) - Fupa(n)

o o o o
o o o o
|
o o o o
o o o o

Fup1(Z, 1)
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Methodology - 2D

Fupy(¢,11) = Fupy(Z) - Fupa(n)

Fup1(Z, 1)
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Fup(x.y)
0.803704
0.746296
0.688883
0.631481
0.574074
0.516667
0.459259
0.401852
0.344444
0.287037
0.22963
0.172222
0.114815
0.0574074
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Methodology - 2D

Fupy(¢,11) = Fupy(Z) - Fupa(n) %\

Fup(xy)
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Methodology - 2D

Fupy(&,1) = Fupn(G) - Fupa(n) E\

Fup(xy)
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Methodology - 2
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Methodology - 2D
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Methodology - 2D
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Example - Wavefront well problem

Problem defined as:

V- (—/@Vu(:c,y)) = f(l’,y) ‘i

(0,1) 0Q 1,1)

with boundary conditions:
u(x,y)
’LL(CL', y) = UD(‘/Ea y)

1.2468
Parameters: 0.9355
20 Q 2Q 0.6242
s =107 0.3129
0 0.0016
_ -0.3097
n’ =1 0.6210
0 _ . 0 _ -0.9323
m, = 18; my, = 18 (0,0) 0 (1,0 -1.2436

Q=10,1]2
Te = Yo = —0.05
ro = 0.7; o = 100

Figure: u(x,y) = arctan [a (\/(sc —2:)?+ (y —ye)? — To)}
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Wavefront well problem

Grgo Kamber et al. (FGAG)

V- (—ﬁVu(x,y)) - f(x,y)

6.91E-01
5.38E-01
3.84E-01
2.30E-01
7.68E-02

Error(x,y)
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Wavefront well problem

V- (—ﬁVu(x,y)) - f(x,y)

(2a) 2 (2b) 2
%Y\ %Y\ 35
X X o
u*(x,y)
1.247 3.38E-01
0.624 2.63E-01
0.002 1.88E-01
-0.621 1.13E-01 i
-1.244 Error(x’y) 3.75E-02 X 6 :
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Wavefront well problem

V- (_’%vu(x7y)) - f(x,y)

(3a) z (3b) z
b b
X X
u*(x,y)

1.247 8.89E-02

0.624 6.92E-02

0.002 4.94E-02

-0.621 2.96E-02

-1.244 Error(x’y) 9.88E-03
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Wavefront well problem

V- (—ﬁVu(x,y)) - f(x,y)

(4a) z (4b) z
b b
X X
u*(x,y)
1.247 9.07E-03
0.624 7.06E-03
0.002 5.04E-03
-0.621 3.02E-03
-1.244 Error(x’y) 1.01E-03
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Wavefront well problem

V- (_’%vu(x7y)) - f(x,y)

(5a) z (5b) z
b b
X X
u*(x,y)
1.247 1.60E-04
0.624 1.24E-04
0.002 8.87E-05
-0.621 5.32E-05
-1.244 Error(x’y) 1.77E-05
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Wavefront well problem

V- (_’%vu(x7y)) - f(x,y)

(6a) z (6b) z
b b
X X
u*(x,y)

1.247 8.39E-05

0.624 6.52E-05

0.002 4.66E-05

-0.621 2.80E-05

-1.244 Error(x’y) 9.32E-06
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Wavefront well problem

102 Convergence Order

10°

P TTT
s |

10

10°

10°

[
107

10° —o— Fup, e e

10°

L, error norm

|

10-10

10™

10° 10°
VN

bf

-
(=N . many may

Grgo Kamber et al. (FGAG) Adaptive Isogeometric Analysis ECCOMAS, 1. July 2021. 19/22



Wavefront well problem

102 Convergence Order

10°

TP T T

10

10°

10°

; :
0nE-—

-8

L, error norm
)

10°

10-10

10™

L L

-
(=N . many may

10° 10°
VN

bf

Grgo Kamber et al. (FGAG) Adaptive Isogeometric Analysis ECCOMAS, 1. July 2021. 19/22



Wavefront well problem

102 Convergence Order
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Wavefront well problem

102 Convergence Order
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Wavefront well problem

102 Convergence Order
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Conclusions

hp-refinement

@ One Fup, can be replaced with (n + 2) Fup,1 basis functions (one-dimensional
case)

@ This procedure enables adaptations, spectral convergence and increased efficiency

@ B-splines do not support local hp-refinement in this form

@ Powerful tool for adaptive numerical modeling

@ Extend the proposed adaptive algorithm with Fup basis functions to the resolution of
multiple-variable solution space-time scales arising in complex multiphysics problems

Further work

@ Applications to 3D problems

o Advection-dispersion problems
o Heat transfers
o Crack propagation
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