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Abstract

In this paper, 2-D hp adaptive procedure is developed based on Control Volume Isogeomet-
ric Analysis (CV-IGA) and Hierarchical Fup (HF) basis functions. Contrary to the most
common truncated hierarchical splines, HF enables hp adaptation because higher resolution
levels do not include only basis with smaller compact support or higher frequencies, but also
with higher order. Consequence of this property is spectral convergence of the proposed
adaptive algorithm which is presented on classical benchmarks such as L-shape benchmark
and advection dominated problems. Even in non-smooth problems, spectral convergence is
achieved contrary to the application of uniform grid. CV-IGA ensures local and global mass
conservation which is potentially very important for fluid mechanics problems. 2-D proposed
algorithm chooses regular control volumes in parametric space at all resolution levels closely
related to the Greville points (vertices) of basis functions. Therefore, methodology is very
simple requiring only overlapping of control volumes in the areas where different levels are

connected, while its computational cost lies between Galerkin and collocation formulations.
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1. Introduction

Many industrial and real applicative problems in computational mechanics have been
solved by numerical simulations that require large computational resources including parallel
computing and the use of CPU/GPU clusters and/or supercomputers. Therefore, it is of
great importance that computer resources are used as efficiently as possible.

Numerical modeling of different physical and engineering problems characterized with
large range of spatial and temporal scales are typically faced by many difficulties. Many
different numerical approaches and methods have been proposed in recent decades. In
general, each method has its advantages, but also disadvantages, and none can be singled
out as the best for all problems. The classical methods are finite element method (FEM),
finite difference method (FDM) and finite volume method (FVM) [1, 2, 3, 4, 5, 6, 7, 8, 9].
There are various other methods such as the spectral element method (SEM), boundary
element method (BEM) [10], discrete element method (DEM) [11] which, together with
various collocation, meshfree and other hybrid approaches, are usually practical for limited
classes of problems.

The gap between computer-aided design (CAD) for the geometry description on the one
hand and finite element analysis (FEA) for the solution description on the other hand has
been long evident, and mostly present due to differences in the used interpolation (basis)
functions. Whereas classical polynomials have dominated in the field of numerical analysis,
spline-based basis functions (e.g., B-splines, non-uniform rational B-splines (NURBS) [12],
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T-splines [13], hierarchical B-splines (HB) [14] etc.) play a crucial role in the field of compu-
tational geometry. True popularity of spline functions for numerical analysis was achieved
by the introduction of the concept of isogeometric analysis (Hughes et al. [12] and Cottrell
et al. [15]). The main idea of isogeometric analysis (IGA) is to bridge the gap between FEA
and a CAD by using the same type of spline basis functions for both systems. Therefore,
IGA allows accurate representation of geometry in CAD terms in contrast to classical FEA
where geometry is only approximated.

IGA is closely related to the meshless or mesh-free methodologies due to its use of spline
basis functions. Application of spline basis functions enables some properties not seen in
FEM, such as exact geometry description, no cumbersome meshing, usage of higher-order
basis functions, higher continuity of solution and geometry, more efficient refinement adap-
tive procedures and multiresolution approach [16]. Efficient numerical modeling using spline
functions does not always have to be associated exclusively with IGA involving geometry
transformations, because everything can only be performed in the physical domain which is
immersed to the background mesh defined on regular rectangle in 2-D or cube in 3-D (see
for instance immersogeometric methods in Hsu et al. [17], Rvachev structure method by
Rvachev et al. [18] or WEB-splines by Hollig et al. [19]).

The development of adaptive methods [20, 21, 22, 23] for local refinement and coarsening
became one of the most important researched topics within IGA. Since a fundamental lim-
itation of traditional NURBS is the lack of potential for local refinement, several solutions
have been derived, such as T-splines [13, 24, 25, 26, 27, 28, 29|, hierarchical B-splines (HB)
[14], truncated hierarchical B-splines (THB) [30, 31, 32, 33, 34] and locally refined B-splines
(LR) [35]. Furthermore, linear independence, stability and partition of unity as well as local

refinement and adaptation became center topics for these adaptive solutions.

e A eyt i aF sl 5 | Y R A5 R M WP |
e [Crin s s gt u KB
a) Original mesh b) h-refinement d) r-refinement

Figure 1: Refinement procedures.

Adaptive isogeometric methods attract a lot of attention and are a very active field of

research which can generally be divided to h-refinement (Figure 1b; spline functions of the
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same order but smaller knot intervals, i.e. higher frequencies), p-refinement (Figure 1c;
higher degree of basis functions), r-refinement (Figure 1d; redesigning the mesh without
changing the number of nodes and only adjusting their positions) and their combinations.
Even though B-splines and NURBS are most commonly used spline technologies in the
isogeometric settings, due to their tensor product structure, they are not well suited to treat
localized phenomena. Hierarchical B-splines (HB) constitute one of the most promising
solutions to easily define adaptive spline grid which preserve the non-negativity of standard
B-splines and enables the possibility to properly deal with local problems [14]. However,
since the hierarchical B-spline basis functions in non-rational form do not satisfy partition
of unity, it may produce ill-conditioned control meshes at the refined level [30]. To overcome
this deficiency, the truncated mechanism was first developed by Giannelli et al. [14] for the
hierarchical B-spline basis functions (THB) to form a partition of unity and to decrease the
overlapping of basis functions for better numerical conditioning.

In addition to spline functions, relatively lesser-known atomic basis functions have been
used in recent times (see Rvachev and Rvachev [36] and Gotovac [37]). Atomic basis func-
tions can be placed between classical polynomials and spline functions. However, in practice,
their use as basis functions is closer to splines or wavelets (see Beylkin and Keiser [38]). Go-
tovac [37] systematizes the existing knowledge about atomic basis functions and transforms
them into a numerically appropriate form, especially Fup basis functions as a typical mem-
ber of atomic class of basis functions. Kozuli¢ [39] and Gotovac and Kozulié¢ [40] showed
the basic possibilities of using Fup basis functions in structural mechanics and numerical
analysis. The use of Fup basis functions has been shown to solve the problem of signal
processing (see Kravchenko et al. [41]), the initial problem (see Gotovac and Kozulié¢ [42])
and the boundary problems using the non-adaptive Fup collocation method (see Kozulié
and Gotovac [43] and Gotovac et al. [44]).

Gotovac et al. [45] presented a true multiresolution approach based on the Adaptive Fup
Collocation Method (AFCM). The heart of the AFCM methodology lies in the Fup basis
functions in conjunction with the collocation procedure. However, the main drawback was
the lack of global and local mass balance due to the properties of the collocation framework
and inability to describe the general irregular geometry. Malenica et al. [46] firstly devel-
oped Control Volume Isogometric Analysis (CV-IGA) applied to the karst groundwater flow
model, while Gotovac et al. [16] presented CV-IGA in the context of other Galerkin and
collocation formulations. Kamber et al. [47] set foundation for efficient adaptive spatial
procedure developing 1-D hierarchical Fup (HF) basis functions inside CV-IGA. HF have
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the option of local hp-refinement such that they can replace certain Fup basis functions at
one resolution level with new basis functions at the next resolution level that have a smaller
length of the compact support (h-refinement) but also higher order (p-refinement).

In this work, we present a novel adaptive algorithm that is based on hierarchical 2-D Fup
basis functions and CV-IGA, which are closely related to the HB and THB. HF provides
spectral convergence and presents a substantial improvement in comparison to THB that

enable only polynomial convergence.

2. Spline basis functions

2.1. Hierarchical B-spline basis functions

The B-spline basis functions are piecewise polynomial functions defined in parametric
space. B-spline basis functions are defined recursively (see Cottrell et al. [15]) starting with

piecewise constants (n = 0):

1 &< i
Boe)= ] SS8Thm (1)

0 elsewhere

and for n > 0, B-splines are defined by

£-4& §ivnt1 — &
Bin(§) = ———FBin1(§) + — " Bir1n1(§)- (2)
itn — & itn+1 — Gt
Figure 2 presents B-spline basis functions for n = 0, 1,2 on a uniform knot vector. An
interesting fact is that standard piecewise constant and linear finite element functions are
the same for n = 0, 1. However, for higher-orders of B-spline basis functions they differ from

their FEA counterparts.

1 B, 1 B, 1 B,

% 1 2 3 45 05 7 > 3 45 05 1 ) 3 45
1 Bz,o 1 B2,1 1 B2,2

0,

Figure 2: Basis functions of order 0,1, and 2 for uniform knot vector Z = {0, 1,2, ...}.
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B, (§) can be presented by using convolution theorem in the following form:

B, (€) = / Buoi (€ — 1) By (1) dt 3)
Bo(€) = Bu1(€) * Bo(€) = Bo(€) * . * Bo(€) (4)

-

(n+1) times
where n is the order of the B-spline. The convolution theorem states that the Fourier
transform (FT) of B, (§) can be expressed as a product of (n+1) particular FT’s of By (&)

fult) = (%/2) 5)

so the inverse FT of B,(£) is defined by:

B, (&) = % 7 (%)W et (6)

—00

according to (4):

Equation (4) implies that the support of B, (§) is the union of the (n + 1) characteristic
intervals A¢. By increasing the B-spline order, the length of its compact support also
increases, and when n — oo, the length goes to infinity. The coordinate &7 is called the
vertex of the basis function (point with maximum function value) and serves as the origin
for the shifting of the basis functions along the £ axis by the length of the characteristic
interval.

In one-dimensional problems, a knot vector is a set of non-decreasing real numbers rep-

resenting coordinates in the parametric space of the curve

== {617&27"-7£n+p+1} (7)

where &; is the i-th knot, ¢ is the knot index, 7 = 1,2,....n+p+ 1, n is the polynomial order
of the B-spline, and p is the number of basis functions which comprise the B-spline. The
interval [&1,&4pt1] is called a patch. If knots are equally-spaced in the parametric space,
they are said to be uniform, otherwise they are non-uniform. More than one knot can be
located at the same coordinate in the parametric space, and are referred to as repeated
knots. A knot vector is said to be open if its first and last knots appear p + 1 times. B, (£)
is presented by the local polynomial of the n-th order on each interval [, & 1]

We can summarize the properties of the B-splines basis functions as follows:
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1. B,-spline is positive on n + 1 characteristic intervals and vanishes outside this interval
i.e., B-splines have compact support where they have strictly positive non-zero values;
elsewhere, they are zero, implying localized approximation properties.

2. B,-spline is (n — 1)-times continuously differentiable with discontinuities of the n-th
derivative.

3. A linear combination of shifted B,-splines by a characteristic interval describes alge-
braic polynomials up to the n-th order.

4. A linear combination of m shifted B-splines by a characteristic interval describes a

unit constant function (“partition of unity”), that is

> Bunl§) =1 ®

5. B,-splines can be presented by a linear combination of the shifted B-splines of the
same order, but using two-times-smaller support. This implies that B-splines support
multiresolution analysis and efficient adaptive numerical procedures (e.g., [20, 21, 22,
23, 24, 30, 31, 33, 32]).

B-spline basis functions are refinable, which enables the construction of HB and its trun-
cated variant THB. Truncated hierarchical B-splines (THB) were introduced and analysed
in [14, 48]. THB-splines can be considered as an upgrade for hierarchical B-splines (HB) i.e.,
an alternative base for the space of hierarchical splines, that retains the partition of unity
property and reduces the support of the basis functions, therefore reducing the interaction
between them. In the classical hierarchical construction, coarse basis functions of a certain
level [ whose support is completely covered by finer basis functions of level [ 41 are replaced.
However for THB, the replacement is done as in the hierarchical case with addition that
coarse basis functions whose support has a non-empty overlap with the domain Q! are
truncated (see Figure 3).

THB refinability (see [14, 30]) indicates that a basis function B!, defined on Z! can be

represented as a linear combination of n + 2 B! basis functions defined on Z*! as,

n+1

n . n 1 /n+1Y\ .
Bf,n(&) = kzgcz,kBé:ik,n(§> with Ci,k = 2_n( L )7?‘ = 07 "'7ml —1 (9)

where ¢, are the refinement coefficients and m! is the number of basis functions defined on
=!. This procedure enables h-adaptive methods because each next resolution level has basis

functions with two times smaller compact support (h-refinement).
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The n + 2 basis functions Béﬁk’n on the next level are called the children of Bfn(ﬁ) ie.,

denoted as,
chdBl,(€) = {BLL (©lk = 0,1, .o+ 1} (10)

In the following, construction of only two consecutive levels with basis functions from
level [ and [ + 1 will be shown, where [ > 0. Starting from the initial parametric domain Q'
with equally spaced knots Z! = {0, 1,2, 3,4,5,6,7,8,9,10}, B! set of B-spline basis functions
are defined on a level [ (see Figure 3). The supports of all the basis functions B' from initial
level [ covers Q' ie., Q' = supp B'. According to [49], the function space spanned by B
can be enlarged by replacing the certain B-spline basis functions with their children, which
indicates a local refinement of basis functions. Figure 3 shows a construction process for

univariate cubic THB in three steps:

e Identify a set of basis functions B; C B to be refined at level [ (gray solid curve) and

designate them as passive while the remaining basis functions in B are designated as
active (B, = B'\ B.).

e Obtain the children at level [ + 1 (red solid curves) only for the passive BIZ) and define

them as active; B,™ = chdBL,.

e Merge all of the basis functions that are active from levels [ and [ + 1 to obtain the

hierarchical B-spline basis functions on the new level,
I+1 ! ! !
B =B"* =B, UB}. (11)

Eq. (11) refers to the global selection of all active basis functions, where the active
basis functions are updated in each recursive step described above. Hierarchical B-spline
basis functions in nonrational form do not satisfy partition of unity. To overcome that
problem and to decrease the overlapping of basis functions for better numerical conditioning,
a truncated mechanism for hierarchical B-splines was developed [14, 30]. Figure 3 shows
how in the classical hierarchical construction, coarse basis functions from level [ whose
support is completely covered by finer B-splines of level | + 1 are replaced. THB-splines
refinement (replacement) works as in the hierarchical case with addition of active coarse
basis functions B!, whose supports have a non-empty overlaps with Q1. These functions
need to be modified or truncated as follows.

Definition. Given a set of (passive) basis functions Bé to be refined, refinement area is
defined as Q! = suppBé. Provided that B! ¢ Bé is refinable and following Eq. (9) for its

8
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(a) HB-splines on level [ and [ 4 1 (b) THB-splines on level [ and | + 1

Figure 3: Comparison of univariate cubic HB- and THB-splines. (a) Three steps to construct univariate
cubic HB-spline basis function without truncation and (b) tree steps to construct univariate cubic HB-spline

basis function with truncation (THB).

refinability gives,
Bj(§) = Y. B, (12)
suppBé-Jr ! C supszl-
where ¢; ; € R are refinement coefficients from mid-knot insertions, and Bé*l(f) € chdBL(§).

The truncated basis function Bl is defined as

truan({) = Z Cz‘,jBJl'H(f) (13)

suppB;.+1 ZQi+1

with respect to B}, [30].

Equation (13) indicates that only children of B! whose supports are fully contained in
;1 are discarded while constructing the truncated basis function trunB!. In Figure 3, the
gray solid line represents the basis function to be refined Bé which is also set as passive, and
refinement area is Q1 = [3,7]. In case for univariate cubic hierarchical B-splines, each basis
function from level [ has five children on level [ + 1, and four basis functions surrounding Bé
(2 on the left and 2 on the right side; gray dashed curve) need to be truncated because they

have children with supports fully contained in 2'*!. For the two basis functions adjacent to

9
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B;, three children are discarded, and for the other two basis functions, only one children is
discarded. Basis functions that are far away from refinement area Q'*! i.e., they do not have
children within that area, are not truncated. After truncating all designated basis functions,
new level is constructed by combining active functions from level [ (black solid curve and
gray dashed curve; non-truncated and truncated) with active basis functions from level [+ 1
(red solid curve; BSH = chdBB}).

The hierarchical B-spline basis with truncation has been proven to form a partition of
unity and therefore achieves strong stability [48]. It gives a sparser connectivity among basis
functions at different levels, and it can preserve geometry when local refinement is performed
30].

2.2. Hierarchical Fup basis functions

Fup basis functions belong to the class of atomic functions (see [36],[40]) and span vector
space of algebraic polynomials, while their properties are closely related to the B-splines, as
will be explained in the sequel.

Function up (§) can be obtained by an infinite number of convolutions of the contracted
By (€) with compact support 27% and vertex value 2%, k € N, according to following convo-

lution procedure:

up (€) =By (&) *By (2€) - - - % By (2%¢) % - - - % By (2°°€) (14)
From (14), the compact support of up (§) is the union of an infinite number of finite
intervals. However, its compact support is finite:

ho=Y =2 = swpuw(©) =|-1, 1] (15)
k=0

The convolution procedure (14) causes up(§) to contain all polynomial orders by parts
of its compact support. Due to its infinite number of continuous and non-zero derivatives,
function up(€) can be regarded as a perfect spline.

The values of up(§) and its derivatives can be found exactly in the form of rational

numbers in the binary-rational points. Those binary-rational points are defined as:
&= —1+k-2"™ meN, k=1, ... 2™ (16)

At all other points of the compact support calculation of up (§) can be done only approxi-

mately, but up to the computer accuracy.
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For the calculation of up(§) values at arbitrary points, Gotovac and Kozuli¢ [40] suggested
a special series based on Taylor series of the up(¢) function at the binary-rational points &,
(because it is then a polynomial of the n-th order). Values of the even function up(§) in

arbitrary point £€ [0, 1] can be presented as follows:

k
(_1)1+p1+---+pk i Z Cjk'Akj (17)

1 §=0

up (§) = 1—up({—1) = 1-
k=
where the coefficients Cj; are rational numbers containing values of up(§) at the binary-
rational points { = —1 + 1/2™ [40]:

1 j
Cjp = 200D 2yp(—1 4 2706) s =0, 1, ks k=1,2,..., 00 (I8)
7

Factor A in (17) presents the difference between the real value of coordinate £ and its

binary presentation with k bytes, where p;... px are the digits 0 or 1:

Asz_zpi'_» (19)

For an exact description of polynomials up to the n-th order on the interval A&, = 27", it
is necessary to use 2"*! basis functions obtained by shifting up(¢) for AE,. Such a relatively
large number of basis functions implies poor approximation properties of up (§) . This is the
main reason why application of up(§) in numerical analysis for practical purposes is quite
limited.

Fup, (&) are another class of atomic basis functions, also belonging to the polynomial
types of basis functions, which require only (n+2) basis functions to exactly describe poly-
nomials up to the n-th order on interval A, = 27". For instance, for the development
of a 4-th order polynomial, only 6 or (n+2) functions Fup,(§) are needed in comparison
to 32 up(€) basis functions. The compact support of Fup, (£) contains n+2 characteristic

intervals A, =27
supp Fup,(§) = [— (n+2) 27" (n+2)'2’"’1] (20)

For n = 0, the following holds:
Fupy(£) = up(§) (21)

Function Fup,(§) can be obtained by a convolution procedure using the contracted B,
and up basis function:

Fup,(€) =Ba(2" &)xup (277" €) (22)
11
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This means that Fup,(§) is closely related to B, (§) and that they together share all
the mentioned properties. However, Fup,({) has better approximation properties than
By, (&) due to the convolution with the up function containing all orders of polynomials
by parts and infinite continuity. Moreover, they share the same convergence properties
because it is directly linked by the polynomial order which can be exactly described by
linear combination of these functions. Additionally, the Fup,(£) has better approximation
properties which are paid by one more characteristic interval for the same n-th order of
basis functions. Equation (22) is not numerically favorable for calculating the value of the
function Fup,(&).

Atomic basis functions have a “deeper” mathematical background, and they are generally

solutions of differential-functional equations, which for Fup, (&) take the following form:

n+2

Fur (6 =23 (CE - Cl2)-Fup, (26 - 5+ 52 ) (23)

k=0

where C* are binomial coefficients defined as

ci=(3) = o prm 21

Equation (23) presents the atomic structure of these basis functions because its deriva-
tives (but also a function values as will be shown in the sequel) are decomposed by a linear
combination of these same functions (Rvachev and Rvachev [36]). Fup,, (£) can be calculated

by a linear combination of up(§) mutually shifted by the characteristic interval 27™:

- ko n+2
Fup, (&) = ZC’k(n)-up (5 —-1- 7 + T ) (25)
k=0
The zero coefficient in (25) is:
Co(n) =20+ = 2n(n+1)/2 (26)

Other coefficients are calculated in the form Cy(n) = Cy (n)-C,,(n), where the coefficients

Cy(n) are obtained using the following recursive formulas:

/

Cy(n)=1
/ min { k; Q”Jrl—l} / (27)
Ci(n) = (=1)*Ck,, - > Cp_j (n) - 541
j=1
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In the numerical modeling of boundary value problems, there is a need to modify
boundary basis functions in order to keep the same approximation properties as inside
the domain. The concept of boundary basis functions refers to the linear combination of
basis functions whose compact supports are at least partially located inside the domain.
For simpler notation, modified boundary Fup, basis functions are designated as ¢, ;, 7 =
—[(n+1)/2],...,[n/2] on the left domain boundary 4, and j = N —[n/2],..., N+[(n+1)/2]
on the right domain boundary g (N is the number of characteristic intervals A&, inside
the domain).

The boundary basis functions ¢, ; on the left domain boundary are modified so that i-th

derivation is satisfied in a manner

P () £0 for j+[n+1)/2)<i<n

(i . , (28)
P (€4) =0 otherwise; ieN

Modification of the right boundary basis functions is achieved by translating and mir-
roring the left modified boundary basis functions. In the vector space of mutually displaced
Fup,, basis functions, it is necessary to modify the (n+ 1) basis functions on each boundary.

We can summarize the properties of the Fup basis functions as follows:

1. Fup, is positive on n+2 characteristic intervals and vanishes outside these intervals i.e.,
Fup basis functions have compact support where they have strictly positive non-zero
values; elsewhere, they are zero, implying localized approximation properties.

2. Fup, is infinitely differentiable.

3. A linear combination of m shifted Fup basis functions by a characteristic interval

describes a unit constant function (“partition of unity”), that is

= Z Fupio(§) =1 (29)

4. Fup, can be presented by a linear combination of the shifted Fup basis functions with
the higher order, but using two-times-smaller supports. This implies that Fup basis

functions enable multiresolution analysis and efficient adaptive numerical procedures
(e.g., [47]).

Basis function Fupl, defined on ='

can be represented as a linear combination of n + 2

FuPi:h basis functions defined on ='*1,

n+1
k n+1
Fup,(§) = Z O - Fupylly (6 - ontl + on+2 )’ (30)
k=0
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where C%, | are the refinement coefficients

1 /n+1
CSH ~ gntl < k ) (31)
+1

The n + 2 basis functions Fupl'! are called the children of Fupl,, denoted as

k n+1
chdFuﬁxf)::{Fuﬁﬁﬂ(ﬁ——ww&4—§g;;>‘k::Qlwnﬂ1+1} (32)

In contrast to THB, hierarchical Fup basis functions (HF) enable hp-adaptive methods
because each next resolution level not only decreases compact support, but also increases
the order of the basis functions (hp-refinement).

At the zero coarsest level, we can define a set of uniformly distributed Fup basis functions
FU. The initial domain is covered with the compact supports of all the Fup basis functions in
Flie., Q° = suppFP. Since Fup basis functions are refinable, it indicates that the function
space spanned by F° can be enlarged by replacing the selected Fup basis functions with
their children (see Eq. (30)) [40]. In the following, we will show only two consecutive levels
and construct level [ + 1 from the level [.

Figure 4 illustrates the construction process of hierarchical Fup basis functions in three

steps:

e Identify a set of basis functions F} € F' to be refined at level [ (black dashed curve)
and designate them as passive while the remaining basis functions in F! (black solid

curves) are designated as active (F, = F'\ F).

e Obtain the children at level [ + 1 (red solid curves) only for the passive Fup!, and

define them as active; F.t' = chdF).

e Merge all of the basis functions that are active from levels [ and [ + 1 to obtain the

hierarchical Fup basis functions,
Fuf =FH = FLUF (33)

Hierarchical Fup basis functions satisfy partition of unity such that every Fup, basis
function on the zero coarsest level is multiplied with constant 27" (see Eq. (29)). Since
every Fup! basis function defined on the level [ can be represented as a linear combination
of n + 2 Fupht! basis functions defined on the level [ + 1 (see Eq. (30)), it entails that all
of the F'up basis functions that are created at higher resolution levels also satisfy partition
of unity.
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Figure 4: The three steps to construct hierarchical Fup basis functions. (a) In level I, basis functions ]-"]l9

that need to be refined are determined (black dashed curve |Fup}) and they are defined as passive, while

remaining basis functions are defined as active; (b) In level [ + 1, three children (red solid curves |F upl;rl)

are designated as active; and (c) all active basis functions from levels [ and [ + 1 are summed and form the

hierarchical Fup basis functions ]-',ZL}

3. Adaptive methodology

The 2-D adaptive spatial strategy used in this work is a novel approach based on the
Control Volume IsoGeometric Analysis, shortly CV-IGA (Malenica et al. [46], [50], Gotovac
et al. [16]) and hierarchical Fup basis functions (hp-refinement; see Kamber et al. [47]).
Firstly, CV-IGA concept is explained. In the section 3.4, adaptive scheme for approximating
known function is presented. It is used for easier understanding of whole adaptive process
and serves as introduction for boundary value problems (BVPs). In the section 3.5, adaptive
strategy for solving BVP with its differences, but also similarities with approximation of a

known function is presented.

3.1. Control volume isogeometric analysis
In FEA there is one notion of a mesh and another for element, but also one element has
two representations, one in the parent domain and one in physical space. Degrees of freedom

of the finite elements are usually the values of the basis functions at the nodes, and elements

15



353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

are usually defined by their nodal coordinates. Finite element basis functions, often referred
to as “interpolation functions” or “shape functions”, are typically interpolatory and may
take on positive and negative values. However, for example in NURBS, the basis functions
are usually not interpolatory and there are two notions of meshes, the control mesh and the
physical mesh. The control points (see Figure 5) define the control mesh and the control
mesh interpolates the control points. The control points enables the designer to create a
wide range of desired objects, for instance, in the aviation or car industry. The control mesh
consists of multilinear elements and does not conform to the actual geometry. Instead, it
can be described like a scaffold, that controls the geometry. Control variables that defines
the control mesh are the degrees of freedom that are located at the control points (red circles
on the Figure 5).

The physical mesh, i.e., decomposition of the actual geometry, consists of two types of
elements, the patch and the knot span (see Figure 5). The patch may be thought of as a
macro-element or subdomain. While there are multiple patches in FEM (one element one
patch) in IGA most geometries, for academic test cases, can be modeled with a single patch.
Each patch has two representations, one in physical space and one in a parent domain.
Patches in two-dimensional topologies are rectangles (see Figure 5), and in three dimensions
are a cuboid in the parent domain representation. Patches can be decomposed into knot
spans bounded by knots which are points, lines and surfaces in 1-D, 2-D, and 3-D topologies,
respectively.

Figure 5 shows schematic illustration of IGA how one 2-D subdomain or patch is trans-
formed from the parameter (virtual) space to the physical (real) space using following spline

representation

z(&,n) = ijcbj(f,n); y(&,m) = Zyjcbj(fm) (34)

where z; and y; are the coordinates of the control points B(z;,y;) in the physical space,
while ¢ and 7 represents the coordinates in the parameter space. However, the main part of
(34) are spline basis functions ¢; which in classic IGA are B-splines and NURBS. It is clear
from (34) that IGA operates only with basis functions in the parametric regular domain
since transformations from the parametric to real physical space, and vice versa are defined
by the Jacobian

T= o | =2 |0, o, (35)
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Figure 5: Schematic illustration of isogeometric analysis (IGA): physical space with control points and
control mesh, parameter space with spline basis functions and related parent elements, knot vectors, and

index space.

and its inverse

1 % g_n 1 % _g_g

-1 __ T r | n

T =0 | T qerg |Jor ee | (36)
dy Oy on 3

as in classic FEM. However, the main difference is that IGA considers the transformation
of each patch, which can be thought of as a macro-element or a subdomain, while the FEM
performs transformations for each element [15].

The numerical solution in the parametric space is also described by independent set of

spline basis functions

u(€m =Y oy (6.m) (37)

It should be noted that number and order of the basis functions in the (34) and (37) may

not be the same.
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In the following, the control volume discretization process will be presented by consid-

ering a simple steady-state advection-dispersion equation (ADE) in the form:
V- (DVu(x)) — V- (vu(x)) =0 in Q (38)
with appropriate boundary conditions:
uw(x) =up on I'p (39)
(DVu(x) —vu(x)) -n=gn(x) on Iy (40)

where u(x) represents the dependent variable, while the first and second term in Equa-
tion (38) represent influence of the dispersive (diffusive) and advective (convective) flux,
respectively, which in general may be function of time, space and/or an unknown solution.
Domain boundaries under the Dirichlet and Neumann boundary conditions are I'p and T'yy,
respectively, and n is the outward normal vector.

Method of weighted residuals can be thought as a general approach for deriving the
different numerical formulations. The main idea is to integrate differential equation (38)
over the domain of interest and multiply it by a finite number of weighting (test) functions

w;(x):
/Q V - (DVu(x))wi(x)d2 — /Q V - (vu(x))wi(x)d2 = 0 (41)

where the number of test functions (w;) is generally the same as the number of basis func-
tions. Two most used formulations in IGA are Galerkin (G-IGA; test functions are the same
as basis functions, Hughes et al. [12]) and collocation formulation (C-IGA; test functions
are Dirac functions located at Greville points, Schillinger et al. [51]). However in this work,
formulation of control volume within IGA (CV-IGA) will be introduced.

The control volume formulation is performed by firstly dividing the parametric space by
m control volumes (see Figure 6) (Q;;7 = 1,...,m). CV formulation [52] uses test functions

defined in the following form:

1 X € Qz
w;(x) = .82 € QL (42)

0 X ¢ QZ
Substituting (42) in (41) and integrating only over the i-th control volume (CV) due to the
properties of the test functions (42), the volume integrals at left side over the control volume

are transformed into a surface integrals across {2; boundaries I'; using Gauss’s theorem:

/(DVU(X))ndF — / (vu(x))ndl = 0 (43)
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Figure 6: Discretization of 2-D domain with three different IGA formulations. Note that Greville points
(black circles) represents collocation points but also locations of the vertices of basis functions which are

crucial for creating CV boundaries.

where n is outward normal vector, thus obtaining the ADE conservative form.
Finally, weak formulation (43) is defined on each control volume using spline basis func-
tions and unit compactly supported test functions (42) in order to get fully discretized

control volume formulation:

o) | [ (09e)ndrs ~ [ (veio0pmars| = [ avirs (14)

i r; N

where i denotes index of control volume and row of stiffness/conductance matrix, while j
denotes index of spline basis function and column of the stiffness/conductance matrix. It is
valid for all internal CV faces and boundary CV faces with Neumann boundary conditions.
This implies that Neumann boundary conditions are weakly imposed by incorporating the
known value of gy to the weak formulation. However, as in G-IGA, Dirichlet essential
boundary conditions requires special treatment. In this paper, Dirichlet boundary conditions
are satisfied in the strong sense by directly satisfying the boundary conditions values in the

following form:

/ u(x)dl'p, = / up(x)dl'p, (45)

T'p,

7 FDi

After using set of spline basis functions for representation of the numerical solution u(x)
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(see Eq. (37)) yields
Oéj/(,@j(X)dFD: /UD(X)dFD. (46)

I'p, T'p,
It should be noted that Dirichlet boundary conditions are satisfied in similar sense as in
classical FEM. Equations linked with CVs which contain Dirichlet boundary conditions are
replaced with (45), and later when we solve the system of equations and get unknown spline
coefficients, from these memorized equations the Dirichlet boundary fluxes are calculated.

Conservation is an interesting feature of the control volume formulation. The conserva-
tion is exactly satisfied over any control volume (local conservation), as well as over the whole
computational domain (global conservation). Furthermore, even the coarse-mesh solution
exhibits an exact integral balance [52].

CV-IGA requires cheaper numerical integrations then G-IGA because control volume
formulation (43) requires only integration over CV boundaries I';, while Galerkin formulation
requires (full) integration over the part of domain where the particular test function is
defined. Furthermore, the number of nonzero basis functions for each discretized equation
in CV-IGA is lower then in G-IGA, thus the cost for the solution of the system of equations is
generally lower then that for G-IGA. For comparison, the number of nonzero basis functions
for CV-IGA for each discretized equation is (n 4 2)%™ for odd order of basis functions and
(n + 3)%™ for even, whereas for G-IGA this number is defined by (2n + 3)%™ where dim
denotes the dimensionality of the problem. On the other side, CV-IGA is more expensive
than C-IGA which contains only one integration (collocation) point per degree of freedom
and smaller number of nonzero elements in the stiffness/conductance matrix. Generally, CV-
IGA lies between two classical IGA formulations enabling local and global mass conservation
(see details in Gotovac et al. [16]).

3.2. 2-D basis functions

Multi-dimensional Fup basis functions are obtained as tensor products of the one-dimensional

basis functions defined for each coordinate direction. For example, the two-dimensional Fup

basis functions are defined as,

Fupn(f, 77) = Fupn(f) - Fupy, (77) (47)

where Fup,(§) and Fup,(n) are n-th order Fup basis functions that are defined in the &-
and - parametric directions, respectively. Figure 7 shows two-dimensional Fup; (&, n) basis
function and its first partial derivative.
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Figure 7: 2D Fup basis functions. F'=Fup;(§,n); a)F and b)%—lg.

For 1-D Fup basis functions, Fup!, defined on Z! can be represented as a linear combina-
tion of n + 2 Fup’!; defined on =1 (see Eq. (30)). Fup!,(¢,7) defined on the level I can be
represented as a linear combination of (n + 2)x(n + 2) i.e., (n + 2)? Fup,; defined on the
level [ 4+ 1,

n+1 n+1

Fup,(&m) =YY

i=0 j=0 (48)
' ' 141 i n+l I+1 J n+1
O Cra P <§_ﬁ * W) Fup, s, (’7 ~ ot g
where C’fl 41 and C’f; 41 are refinement coefficients (see Eq. (31)).

For example Fup} is defined on the knot vectors Z' = {0, 3, 2,1} and H' = {0, 1,2, 1},

)39 39
and its nine children Fup5™ (see Eq. (32)) are defined on a knot vectors =+ = {0, 4 1 1 25

) 673727376
+1 11125
and H _{0767575757671}'

The trial function space of uniformly distributed Fup, (£, n) basis functions on the resolu-

tion level [ and given order n are defined over the knot vectors in the form = = {&;, &, ..., §,ne }
and H = {01,712, ..., Jmn }, where m® and m”" represents number of basis functions in -
and n- directions, respectively. The number of basis functions on the first resolution level
mb€, mb7: [ = 0 are defined as input parameters.

Length of the characteristic intervals (A, An) are calculated as

Agl — £m§+n+2 — &1 N Nmn4nt+2 — T 49
S 02 A T G —n— 12 (49)
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where & and &6, 4o are the first and last members of the knot vector in {- direction and
71 and 7,0 are the first and last members of the knot vector in n- direction on the first
resolution level (I = 0).

Basis functions whose compact support is at least partially located outside the domain
are modified by satisfying i-th derivations (see equation (28)). In the vector of mutually
displaced Fup,, basis functions in 2-D, it is necessary to modify the (n + 2) basis functions

in £ and/or n direction if they are near boundary of the domain.

3.8. Selection of control volumes

CV-IGA directly depends on selection of dimensions and positions of CVs. Since control
volume approach can be considered as subdomain collocation, selection of control volumes
is directly related to the Greville collocation points (see IGA collocation for example in
Schillinger et al. [51]). The vertex of the basis function, i.e., the coordinate &7, is the point
with the maximum function value. The vertex serves as the origin for the shifting of the
basis functions along the £ and 1 axis by the length of the characteristic interval (A&, An).
However, not all vertices are uniformly spaced according to the length of the characteristic
interval. Vertices of the modified boundary basis functions (see subsection 2.2) are shifted
and located inside the domain area. Their exact location can be calculated. In case of
the B-splines of order n, the Greville points are defined to be the mean location of n — 1
consecutive knots in the knot vector for each basis spline function of order n [53]. Since Fup
basis functions have one more characteristic interval for the same order, the grid points of
the Greville abscissae calculated for the B, correspond to the Greville abscissae grid points
of the Fup,_1. The Greville abscissa (Figure 6 - black circles) for the Fup, basis functions

can easily be computed from a knot vector = = {&1, s, ..., Eminia}

1 .
§i = n+1(£i+1+...+€i+n+l>7 i=1,..,m (50)

where n is the order of the basis functions, and m is the number of basis functions. From
this point, when basis function vertex is mentioned, it is referred to the real coordinate
of the vertex, except for modified boundary basis functions whose vertex coordinates are
represented by the Greville points.

Figure 6 shows distribution of finite elements, collocation points and control volumes for
all three IGA formulations (see also Gotovac et al. [16]). For each control volume (CV),
there are four CV boundaries or faces. Each CV boundary represents side faces of CV in a

manner that it lies in the middle between two adjacent Greville points (see also Figures 8
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Figure 8: A nested sequence of CV domains for the construction of the Fup hierarchy according to relation
Qf O Q! for two-dimensional case. (a) uniform nonoverlapping CV distribution at the first level; (b) CV
distribution on the first and second resolution level with active Fup basis functions from F° and F!; (c)

Hierarchical mesh with overlapping CVs (dots represents basis functions vertices).

and 9). Figure 8 shows a nested sequence of CVs domain, together with the corresponding
vertices for each resolution level [, where each CV is linked with only one Greville point
(vertex) i.e., the number of basis functions corresponds to the number of CVs.

Figure 8a) shows uniformly distributed Fup; basis functions on the knot vectors =0 =
{0,0,0,%,2,2,5,2,8 2.1,1,1} and H* = {0,0,0,%,%,2,%,2,%,1,1,1,1} with the position
of vertices (black dots) and corresponding CVs represented with solid line. Furthermore, af-
ter replacing one Fup; (assigned as passive) basis function from the first resolution level, nine
Fup, basis functions (red dots, assigned as active) are introduced to the second resolution
level (Q'). Each CVs boundary on the higher second level (see Figure 8b-c) are positioned
exactly half the length of the characteristic intervals A&, An (see Eq. (49)) from the cor-
responding Fup basis function vertex, thus higher levels (CVs) are overlapping with lower
levels (CVs). After assembling all active basis functions (assembles active Fup; and Fups
basis functions; F' = F? U F}), CV overlapping distribution is defined for these two levels.
However, it is possible that few CVs from higher level cover the same area as one larger
CV from the lower level which creates problem of linearly dependent equations. Therefore,
higher level that is in contact with lower level should have increased CV area to avoid prob-
lem of singular stiffness matrix. Enlargement of CV dimensions to A¢(1+46), An(1+§) can
be chosen using parameter ¢ € (0, 1). Here, we choose § = % (see Figure 8c). All Cvs from
different resolution levels are rectangles in the parametric domain. Overlapping of some CVs
makes this algorithm even more robust, but main advantage is easier process of constructing

test (weight) functions in two-dimensional domains. Also, it should be emphasized that the
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CV overlapping is the simplest possible algorithm when compiling hierarchical mesh and
to simplify the numerical integration across each control volume. Some different algorithm
could avoid overlapping of CVs, but would make integration process more complex over
unregular CVs including cumbersome meshing procedure with Voronoi cells. We choose as
simple as possible algorithm with all regular CVs in the parametric space, while avoiding

any meshing procedure which can compromise meshless nature of CV-IGA.

3.4. Adaptive strategy for the function approzimation
Adaptive CV-IGA with hierarchical Fup basis functions is easy and effective to present

firstly in the simple functions approximation. The main idea is to represent the known
function (f) in an adaptive manner so that coarse control volumes and lower order of Fup
basis functions are used in regions where the solution is smooth, while fine control volumes
and a higher order of Fup basis functions are used in those areas where the solution varies
strongly.

The approximation f(z,y) of the known function f(x,y) : @ — R is presented in the
form of the linear combination of Fup basis functions. The difference between the known

function f(z,y) and its numerical approximation f (x,y) yields the numerical error:
5(l',y):f($,y)_f($,y):f(l‘,y)_zagwj(x,y) (51)
j=1

The meaning of the approximation is to minimize the error £(z,y). If the control volume
formulation is applied, the unknown coefficients «; are obtained from the following system
of equations:
Za]/tpj(x,y)dﬁz/f(x,y)dﬁ, Z?]: 1727am (52)
=g, Q;

which can be presented in a reduced matrix form:

ajo; =b;; i,7=12,...,m (53)
where
@ij = /%(l‘,y)dﬂs b= [ f(z,y)dS. (54)
Qi Q;

The adaptive criteria for the function approximation is defined as:

[ o (#@w - Faal) do <, (59)
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where €4 represents the defined threshold and €24 is the integration area. Adaptive criteria
(€4) defines whether Fup basis functions are kept or replaced while refining resolution level

[. For the i-th control volume (CV), boundaries are defined via I'; j;,I'; ;. I'i ;. and I j 4

irJ,
(see Figure 9), where subscript letter { (left), r (right), v (up) and d (down) represents side
faces of the CV. Since the numerical approximation ( f ) satisfies the average function value
of the known function (f) over every CV; (i = 1,2,...,m) on the current resolution level, the
main problem for enabling an adaptation is to test how close the numerical approximation
(f) is with respect to the known function (f). Therefore, we perform testing on the each
quarter of the CV (see Figure 9). If all CVs satisfy adaptive criteria, the adaptive procedure
stops. However, if one or more CVs did not satisfy Eq. (55), than those CVs are marked
as refinable. Furthermore, all corresponding Fup basis functions that are at least partially
located inside refinable CVs are marked as passive. Other Fup basis functions are marked
as active, and they are kept in the next level. For the passive Fup basis functions, the
algorithm introduces their children, as it is earlier explained (see Eq. (30)). In this way,
using mentioned adaptive criteria on CV quarters, adaptive hierarchical grid is created using
the hierarchical Fup basis functions with different resolutions and orders over the adaptive

grid.

3.5. Boundary value problems

The adaptive spatial strategy used for the boundary value problem (BVP) is in some
sense similar to the one used for function approximation. In the following, focus will be
on the main differences between these two strategies. The major differences are adaptive
criteria and adaptation of boundary conditions.

In the function approximation, a known function is approximated, while in BVP, we
usually do not know the solution of the differential equation. The question is how to solve
(approximate) the BVP. One of the possible approaches is shown considering the ADE (see
Eq. (38)). In that case, solving ADE is reduced to the flux conservation over all CVs (see
Eq. (44)). Since the CV formulation exactly satisfies Eq. (44) (i.e., the weak integral form
of the conservation law) over each CV on the current resolution level, the adaptive criteria
is used to check the conservation error for each quarter of the particular i-th CV (see Figure

9) ie., the adaptive criteria for the ADE problem is defined as

a; /(DVgoj(X))ndFi—/(ij(x))ndfi — /quTN < ez (56)
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Figure 9: Dividing i-th CV into four equal parts (CV; 1, CV; 2, CV; ;3 and CV; ; 1) while testing adaptive
criteria on i-th CV.

where €4 represents the defined threshold. All CVs where at least one of the quarters has
the conservation error greater than the prescribed threshold are marked as refinable, and
the adaptive procedure refines selected basis functions in the next level in the same way as
for the function approximation. However, in BVP there are boundary conditions that needs
to be satisfied. CVs with Neumann boundary conditions are satisfied in same sense as all
internal CVs by checking conservation error for each quarter of the particular «-th CV, i.e.
Neumann boundary conditions are weakly imposed by incorporating the known value (40)
to the weak formulation (44). However, Dirichlet boundary conditions are satisfied in the
strong sense by directly satisfying the boundary values (39). This implies that CVs with
Dirichlet boundary conditions use calculated boundary fluxes from memorized equations
and check mass conservation with other internal fluxes. If mass conservation is not satisfied,
those Dirichlet CVs are marked as refinable.

In the function approximation, adaptive criteria is set to be related to the function accu-
racy Eq. (55), while in BVP the criteria is set to be the mass conservation error. However,
the adaptive criteria can be defined in many ways. There are many other meaningful numer-
ical and physical choices. For example, for function approximation, the function derivatives

can be an ideal option in some cases. Furthermore, for BVP, the solution error between two
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resolution levels can be defined as criteria [54]. Moreover, satisfaction of the Peclet number
can be very valuable for ADE problems (see [55]). Finally, any combination of these criteria

can also be new obtained criteria.

4. Numerical examples

4.1. Aim of the numerical examples

The aim of the numerical tests herein is to investigate whether adaptive refinement
using hierarchical Fup basis functions achieves spectral convergence rates, even while solving
problems that may involve singularities, contrary to the application of uniform grid.

Numerical examples are started with function approximation for easier understanding of
whole adaptive process. This example demonstrates HF’s ability to capture sharp fronts by
introducing new levels into a portion of the domain where it is needed. To demonstrate the
potential of HF within CV-IGA we address the following classical benchmark 2-D problems:

e Poisson equation
e Heat conduction problem
e Advection-dispersion problem

Analytical solutions are available for all problems except advection-dispersion problem. All
of the examples illustrate the ability of HF’s to efficiently and accurately describe different

resolution scales.

4.2. Verification tests

4.2.1. Function approximation

The selected test 2-D function is:

f(z,y) = arctan <50 (—0.25 + m)> (57)

with chosen numerical parameters at the zero level n = 1, m) = 10, m{ = 10 and the
domain defined as Q = [0,1]%. The error threshold is set as e, = 1077, which implies that
the residual (see Eq. (51)) between the Fup approximation and the given function (57)
over all CVs at all resolution levels must be less than this prescribed threshold. Figure 10
shows the evolution of the adaptive procedure using HF at five consecutive resolution levels

starting with uniform Fup,(z,y) basis functions.
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Figure 10: CV-IGA approximation of the function (57). (a) HF approximations of the given function, (b)
the adaptive grid on different resolution levels where each color represents Fup basis function vertices on

different level.
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Function approximations of the given function (57) over all levels are shown in Figure
10(1a-5a). The error measure between the numerical approximation and given function is
residual which can be calculated as the integral difference between those two functions on all
quarters of the CVs. Figure 10(1b-5b) shows active basis functions used for the numerical
approximation and are represented by their vertices (each color represents one level, i.e.,
active basis functions on that level). CVs are not directly shown but can be visualized with
the help of the basis functions vertices, since every CVs edge is placed between the vertices
of the adjacent functions (see Figure 8).

The adaptive procedure is repeated until all residuals are less then the prescribed thresh-
old. For given function (57) and adaptive threshold set as ¢, = 1077, adaptive procedure
needs five levels to approximate given problem, as shown in Figure 10. Note that fine CVs
with a higher order of Fup basis functions are obtained only around the “well” edges de-
scribing high solution frequencies. Moreover, in other regions the adaptive grid uses lower
order of Fup basis functions and coarse CVs which helps in reducing the computational cost

and increases efficiency.

S e n - Fup order
~ p - Convergence order
=N+

Fup, >

—=a—— Fup, =
—v— Fup,
—o— HF N

L, error norm
3
/
/
/ X

10"

bf

Figure 11: Convergence analysis obtained with uniform and adaptive Fup,, basis functions for the function

approximation.

Figure 11 shows efficiency in terms of the Ly error norm as a function of the total
degrees of freedom (DOF's) with slope representing the convergence rate (p) confirming that
p = n + 1 is valid for uniform grid if n is the Fup order. Adaptive procedure just like in
one-dimensional case [47] yields spectral convergence (solid line with filled circles), contrary

to the THB splines which ensures polynomial convergence (p = n+1). Spectral convergence
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enables that convergence rate is higher than p = n—+1 if n is the Fup order used at the highest
resolution level. Spectral convergence is achieved due to using hAp-refinement when higher
resolution levels not only use basis functions with smaller scales or higher frequencies, but
also increased order of basis functions. This hp property causes that new levels and DOFs
more drastically increase accuracy than it is case with THB splines where all levels use
the same order of the basis functions. Figure 11 shows that convergence plot have larger
slopes when new resolution levels and increased order of basis functions are introduced.
Furthermore, adaptive procedure achieves a higher accuracy then the prescribed threshold
(dashed line with empty circles, £4), thus proving the control of the numerical error. This
means that the real numerical error of the function approximation is strictly less than the

prescribed threshold.

4.2.2. Poisson equation

For 2-D Poissson benchmark problem, so called wavefront well problem is considered.
It is commonly used example for testing adaptive refinement algorithms because of a steep
wave front in the interior of the domain [7, 56, 57]. Parameters determine the steepness and
location of the wave front. With the arctangent wave front that has exact solution that is
similar to the function (57), there is a mild singularity at the center of the circle. However,
for this test center of the circle is outside the domain, thus performance on the wave front
is examined, not the singularity.

Problem is defined in the form
V- (=Vu(z,y)) = f(z,y), (z,y) € (58)
with boundary conditions
u(z,y) = up(z,y), (z,y) € 00 (59)

The numerical simulation domain is defined by a square area Q = [0, 1]z[0, 1] where the
boundaries are I'p = 9Q and T'y = ) (see Figure 12a). The exact analytical solution for the

pressure field is given by:

u(z,y) = arctan (o (1 — o)) where r = +/(z — z.)% + (y — y.)? (60)

where x. and y. represent center of the circular wave front, r( is the distance from the wave
front to the center of the circle, and « gives the steepness of the wave front.

It should be noted that the right hand side f(z,y) is generated by taking the Laplacian
(V?) of the exact solution given in Equation (60). The exact solution depicted in Figure
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Figure 12: Numerical solution domain and exact solution plot of the wave well problem defined by Eq. (58).

12b displays a “front”-type of behavior where the solution is rapidly changing across a
circular band (a quarter of a circle) inside the domain. For the conductivity matrix s
only isotropic case is considered, and for simplicity in deriving the source function, the

conductivity equivalent coefficient is set equal to

10
K= [0 1] (61)

The adaptive simulation shown in Figures 13 and 14 is performed with starting poly-
nomial degree n = 1. Number of basis functions on uniform level is defined as m? = 18,
mg = 18, center of circular wave front is set at z. = y. = —0.05 with rq = 0.7 and a = 100.
The error threshold is set as e, = 1-107%, which implies that the mass conservation error
over all quarters CVs on every level must be less than this prescribed threshold.

Figures 13 presents the absolute difference between the numerical and exact (see (60))
solution while Figure 14 presents the adaptive grid on different resolution levels. With every
new level, numerical solution becomes closer to the real solution (Figure 13 la-6a). Even
though, difference between numerical solution and exact solution is presented in Figure 13
because exact solution is known, it was not the adaptive criteria used for testing like in
approximating function (57). Here, adaptive criteria is used to check conservation error for
each quarters of the particular i-th CV on the current resolution level. Quarters of the CVs
are used because CV formulation exactly satisfies governing equation (i.e., the weak integral

form of the conservation law), over each CV on the current resolution level. The adaptive
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grid captures the front (see Figure 14) and repeats adaptive procedure until conservation
error is less then the prescribed threshold at each quarter of the CVs. For given parameters

and using HF, six levels are needed in order to find numerical solution that has conservation

error less then prescribed error threshold on all quarters of the CVs.
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Figure 13: The absolute difference between the numerical and exact (60) solution on different resolution

levels (1-6).

The convergence analysis for the uniform and adaptive procedure is shown in Figure
15. It depicts a demonstration of the efficiency in the terms of the L, error norm as a
function of DOF, and shows that the convergence rate for CV-IGA using the uniform grid
is the optimal (p = n + 1) for odd and the suboptimal (p = n) for even order (n) of basis
functions. G-IGA (Galerkin) yields the optimal convergence rate for the Poisson problem for
all orders of Fup basis functions (i.e., p = n+1), while C-IGA (collocation) yields suboptimal
convergence rates of p = n — 1 for odd basis functions and p = n for even basis functions
[50, 16]. The adaptive procedure for this diffusive-like boundary value problem exhibits

spectral convergence (black solid line with filled triangles), just like in one-dimensional case

[47).

(2) lfL

3.38E-01
2.63E-01
1.88E-01
1.13E-01
3.75E-02

Error(x,y)

S) EL

1.60E-04
1.24E-04
8.87E-05
5.32E-05
1.77E-05

Error(x,y)

32

8.89E-02
6.92E-02
4.94E-02
2.96E-02
9.88E-03

Error(x,y)

(6) EL

8.39E-05
6.52E-05
4.66E-05
2.80E-05
9.32E-06

Error(x,y)



(1

e © O
e O O
e O O
e o O
e © O
e © O
o o o 0.6f
e O O b
e o O
oo o 0.4
e o o b
e 0o ¢
ece 0.2
e o O P
e © O
200 o cossecsopeecsenzessssgassss i
0.8 ¥ . ) ) )

08

06

0.4

00000000000
000000000000
00000000000

3333333332322329

02

300 00boddooas oo
Q0 0 0 0 0 0 0 0 0 0 0 Q0 00 0 O
QO 0 0 0 0 0 0 0 0 0 0 0 0 0 O O
o 000 000000000000
Q0 0 0 0 0 0 0 0 0 0 0 Q0 0 0 0 O
Q0 0 0 0 0 0 0 0 0 0 0 0 0 0 O O
A0 © 0000000000000 O
Q0 0 0 0 0 0 0 0 0 0 Q0 Q0 0 0 0 O
0 0 0 0 0 0 0 0 0 0 0 0 0 0 O O
bo 0 0000000000000 O0
Q0 0 0 0 0 0 Q0 Q0 00 Q0 Q0 0 0 0 QO
QO 0 0 0 0 0 0 0 0 0 0 0 0 0 O O

0000000000000 O0 O

po

[
o
N
o
o
o)

Figure 14: The adaptive grid on different resolution levels, (1) first, (2) second, ..., (6) sixth level. Each

color represents Fup basis function vertices on different level.
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Figure 15: Convergence analysis of the wave front problem given in the form (58) for the uniform and

adaptive procedure.
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n6  4.2.3. Heat equation (Laplace)
727 In this part, results obtained with adaptive algorithm on problems with irregular geom-

78 etry are presented. Considering stationary heat conduction problem

N

729 Au =0 (62)
70 on an L-shaped domain Q = [—1,1]%\ [0, 1]*, see Figure 16a), with boundary conditions
731 u=0 on FD (63)
732 a
733 ETZ =qn on Iy (64)
73« such that the exact solution is given by

20 —
735 u = 7”2/3 sin ( 3 7T> (65)

7 in polar coordinates (r,6), where r* = 2% + y? and 6 = arctan (y/x). The expression for
77 the Neumann boundary condition gy is derived based on the exact solution (65). For the

73 given elliptic problem, the re-entrant corner at (0,0) in the domain causes a singularity in

w

730 the solution. An optimal convergence rate is not obtained when uniform mesh refinement is

720 performed for the problems where the solution is not sufficiently smooth [21].

1.1 T, (0.1)

1.25

1.16
1—‘D 1.07
0.88
0.89

Iy (1.0} o

T .62

N 0.54
0.45
0.36
0O 0.27
I o8
0.09
0.00

(-1.-1) Ty (1.-1)

{a) Domain {b) Exact solution

Figure 16: The L-shape problem: a) Numerical solution domain with boundary conditions and b) exact

solution plot.

741 Presented HF procedure starts with m) = 18, m{ = 18 Fup basis functions on the first

72 (uniform) resolution level. The error threshold is set as e, = 91073, which implies that the
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mass conservation error over all quarters CVs on every level must be less then this prescribed
threshold. The exact solution of the presented problem is shown in Figure 16b.
L-shaped domain is discretized by two patches, as shown in Figure 17b, while Figure 17a

shows control points for the coarse mesh.
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Figure 17: The L-shape problem: a) Fup discretized geometry with a n., = 25 number of control points per
each element, and b) for n.; = 2 number of patches. In a) red circles represent the control points, whereas

the shaded region is the modeled geometry.

Figure 18 presents the numerical solution for the stationary heat conduction problem
in two-dimensional domain. The area of interest is detected and resolved locally using HF
basis functions (see Figure 18). Refinement captures the re-entrant corner in the domain
at (0,0) where a singularity in the solution occurs. For given parameters and using HF, six
levels are needed in order to find numerical solution that has conservation error less then
prescribed error threshold on all quarters of the CVs.

The convergence analysis is performed using L, norm and is plotted in Figure 19 for
uniform Fup;, Fups and HF basis functions. It can be observed that adaptive HF basis
functions again improves the convergence rate in comparison to the uniform layout. More-
over, uniform grids shows a significantly reduced convergence rate (p = 0.3) due to the
re-entrant corner at (0,0) in the domain (singularity). The present numerical example thus
confirms that adaptive algorithm significantly improves solution for rough problems still en-
abling spectral convergence. Convergence rate by parts is equal to unifom grid if new levels
are not introduced. When new levels are introduced around singular corner, convergence
rate exhibits spectral character. Overall, convergence is still spectral due to hp-refinement
properties of the proposed method.
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Figure 18: Numerical solution of the stationary heat conduction problem defined over an L-shaped domain
(governed by Laplace equation (62)) at different resolution levels; (la-6a) HF approximations; (1b-6b)
corresponding adaptive spatial grids.

10°

T TTTT

T

L, error norm

T

— —0— - Fup, H 1
— —4— - Fup,
| —6— HF

l ‘

.
10 10

Figure 19: Convergence analysis for uniform and adaptive method for the L-shape problem.
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4.2.4. Advection-dispersion equation
Steady-state discontinuous example
Two-dimensional benchmark example is taken from [12, 15, 23] which consists of solving

the advection-dispersion equation
DAu—v-Vu=0 (66)

on the unit-square with discontinuous Dirichlet boundary conditions (see Figure 20). The
dispersion D coefficient is chosen extremely small (D = 8-107*) compared to the advection
velocity v = (sin 6, cos )T, thus very sharp layers are considered. Sharp interior and bound-
ary layers require stable numerical techniques as well as adaptive solutions in order to capture
all resolution scales. Adaptation with hierarchical Fup basis functions (hp-refinement) gives
very accurate numerical results, but still needs large number of basis functions (unlike uni-
form basis layout), so SUPG stabilization [58] is employed as additional mechanism inside
the adaptive procedure.

Adaptive resolution of the internal and boundary layers are investigated with the pre-
sented HF procedure starting from m? = 18, mg = 18 Fup basis functions on the first
(uniform) resolution level. The error threshold is set as e, = 1-107*. The exact solution of

the presented problem is not known.

(011) u=0 ____(]’1)
u=0 e ]
s |

// :u=
u=1i

00 u=1  (1,0)

Figure 20: Domain with discontinuous Dirichlet boundary conditions for the Advection-dispersion problem.

Firstly, Figure 21 presents the evolution of the sharp boundary layer and correspond-

ing adaptive spatial grids at five consecutive resolution levels in two-dimensional domain
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without stabilization. It can be observed that the refinement captures the location of the
internal and the boundary layers very well. Despite the high Peclet number no stability or
robustness issues in the adaptive algorithm were encountered. There are some under- and
overshooting of the first (uniform) level along the internal layer. These nonphysical oscilla-
tions are a result of the discretization of the first order spatial derivative in the advective
term when this term dominates the other terms in the governing equation. Moreover, five
adaptive HF refinement levels are required to get control over the undershooting close to
the jump at the inflow boundary. Mass conservation error detects the internal layer as well
as the boundary layer. However, the refined levels are not placed only around the boundary
layer and the internal layer, solely because adaptive algorithm just like in one-dimensional
case [47] requires stabilization process to efficiently solve this advection dominated problem
(see Figure 22). It is more relevant to apply stabilization only to the first few levels (in
this case, for the first three levels, [ = 1,2, 3) because the Peclet number is higher at the
initial resolution levels. Figure 22 presents the evolution of the numerical solution and cor-
responding adaptive spatial grids at four consecutive resolution levels with the stabilization
method applied to the adaptive algorithm. Comparing grids with (Figure 22) and without
(Figure 21) stabilization, methodology which uses stabilization yields significant improve-
ment. Moreover, the computational cost is reduced since fewer basis functions are needed
on higher levels to achieve the same mass conservation error on all quarters of the CVs.

Figure 23 presents the convergence analysis of the adaptive algorithm using HF basis
functions, with respect to the degrees of freedom used to achieve a certain accuracy. Since
previous problem had reduced convergence rate for uniform test due to the singularity, in this
test we skipped uniform analysis since problem has discontinuity within Dirichlet boundary
conditions. As expected, HF adaptive algorithm achieves spectral convergence rate which
is quite impressive for these type of problems. Note that previous authors did not present
convergence plot for this ADE benchmark using THB.

Space-time advection-dispersion problem

This section describes the mixing of transport processes in the space-time domain, for in-
stance in porous media [54]. Advection-dispersion process can be described by the following

equation, in the form:

0C (x,t) DGQC(:L",t) U@C(m,t)

o or? ox (67)
with appropriate initial and boundary conditions:
C(z,0)=0 (68)
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Figure 21: Numerical solution of the ADE (66) at different resolution levels (without stabilization); (1a-5a)
HF approximations; (1b-5b) corresponding adaptive spatial grids.
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Figure 22: Numerical solution of the ADE (66) with stabilization procedure at different resolution levels:

corresponding adaptive spatial grids at the (1) first, (2) second, (3) third and (4) fourth level.

C(0,t) = Cy; %ﬁj” —0 (69)

where C represents the dependent variable (concentration [M/L?]), while D is the dispersion
coefficient and v is the transport velocity in the x direction.

The domain, dispersion, velocity and threshold are defined by: L = 2m; D = 1077,
v=1073 & =5-10"% The initial condition (see Eq. (68)) shows that initially the domain
was occupied by fresh water (C' = 0). However, the left boundary consists of denser fluid (for
example the salt source) that continuously flows into the domain, and the right boundary
states that there is no dispersion flux through that boundary.

Figure 24a shows the numerical solution in the -t domain obtained with space-time HF
basis functions. It represents the change in the solute concentration over the space and time.
This change occurs in a narrow transition zone (see Figure 24). Figure 24b shows an adaptive
grids in the space-time domain. In initial stages of the process, a fine CVs with higher order
of Fup basis functions are needed due to very challenging initial conditions and the creation
of a very sharp discontinuous concentration front. It should be noted that time domain

is considered as one global time step. Furthermore, the initial error does not propagate
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Figure 23: Convergence analysis for adaptive method of steady state advection dispersion problem (66).

further over time because proposed adaptive method converts the boundary-initial problem
to a quasi-boundary problem controlling the global temporal/spatial error.

Figure 25 presents corresponding adaptive spatial grids at four consecutive resolution
levels with the stabilization method. For two-dimensional cases, the idea of implement-
ing stabilization method of upwinding can not be easily applied. Various methods have
been proposed to implement the basic idea of upwinding to 2-D analyses. Here, upwinding
method adjusting for 2-D analyses with control volume procedure is used [59]. Moreover,
the computational cost is reduced since fewer basis functions and levels (Figure 24 vs Figure
25) are needed to achieve the same mass conservation error on all quarters of the CVs.

Figure 26 shows convergence analysis using L, norm. Uniform analysis is skipped since
presented problem has singularity due to discontinuity of boundary conditions, thus only
adaptive algorithm without stabilization is tested. It can be observed that adaptive HF basis
functions achieves spectral convergence rate. This example is used to show how adaptive
grid handles moving fronts and have the ability to change the grid dynamically, following a

front during the simulation while keeping the spectral convergence rate.

5. Conclusions

This paper presents the development of new 2-D hierarchical Fup (HF) basis functions
that enable local hp-improvement inside adaptive control volume isogeometric analysis (CV-
IGA). HF provides spectral convergence and presents a substantial improvement in compar-
ison to THB that enable polynomial convergence. Hierarchical Fup basis functions do not
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Figure 24: Numerical solution of the ADE (67) at different resolution levels; (la-5a) HF approximation
(without stabilization), (1b-5b) corresponding adaptive time-spatial grids.
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Figure 25: Corresponding adaptive time-spatial grids at different resolution levels of the ADE (67) (with

stabilization).
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Figure 26: Convergence analysis for adaptive method (without stabilization)
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require additional modifications to preserve the essential property of partition of unity that
allow easy implementation of local hp-enhancements. Control volume formulation is simple,
all control volumes are regular in the parametric space (also related to the Greville colloca-
tion points), only overlapping is needed in the zones of contact between different resolution
levels.

The developed adaptive algorithm is presented first on a simple example of function
approximation for the sake of simplicity of the presented adaptive algorithm, then to the
application of the Poisson equation, which has wide implementation in structural and fluid
mechanics. On the example of ADE, we show that even in cases when the advective member
dominates and creates oscillations in solving using adaptive techniques, we achieve stability
and accurate solutions. Even in non-smooth problems, spectral convergence is achieved con-
trary to the application of uniform grid. CV-IGA ensures local and global mass conservation

which is potentially very important for fluid mechanics problems.
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